In this paper, firstly, we consider bipartite entanglement between each part of an optomechanical cavity composed of one dimensional Bose-Einstein condensate (BEC). We investigate atomic collision on the behavior of the BEC in the week photon-atom coupling constant, and use Bogoliubov approximation for the BEC. Secondly under above condition, we propose a scheme for entanglement swapping protocol wich involves tripartite systems. In our investigation, we consider a scenario where BECs, moving mirrors, and optical cavity modes are given in a Gaussian state with a covariance matrix (CM). By applying the Bell measurement to the output optical field modes, we show how the remote entanglement between two BECs, two moving mirrors, and BEC-mirror modes in different optomechanical cavity can be generated.
I. INTRODUCTION
In recent years, non-classical entanglement states play an essential role for the communication and computation processing [1] . Entangled states of continuous variable (CV) systems are attractive for this purpose [2, 3] . As an example of continuous variable systems, Gaussian states play a key role in the quantum information since thay have been formulated easily and they can be created and controlled exprimentally. Due to the extensive application of quantum entanglement, several systems have been proposed for generating entanglement between two nodes of a quantum system [4] [5] [6] [7] [8] . Entanglement swapping is one of the non-locality effects for generating quantum correlation between two non-interacting distant systems [9] [10] [11] . This technique experimentally and theoretically has been studied in Refs [12] [13] [14] [15] . For nontrivial quantum communication tasks such as teleportation, entanglement is necessary to teleport the information between two remote channels. So far, scientists have studied some schemes for the generating entanglement between two distant systems [12] [13] [14] [15] . Therefore, in this work, we propose a hybrid scheme to show entanglement between two distant nodes that never interact. We show a scenario for entangling two remote and initially uncorrelated modes by applying the Bell detection to the output optical field modes. i. e. we present a general scheme to entangled two part of remote systems (two BECs, two mirrors, and BEC-mirror) by using a balanced beam splitter and two homodyne detectors. In simple words, we use the quantum correlations between two optical fields subparts that fully disentangled in order to create entanglement between other part of systems. In this scheme, the excitation of the ultracold atoms plays the role of the vibrational mode of the mirror in an optomechanical system [16] . This paper is organized as follows. In Sec. II we provide a brief theoretical description of the system under consideration and then we study the quantum state transferring of output mode and BEC modes inside the one cavity and quantify the entanglement between the output optical modes by using the logarithmic negativity, while in Sec.
III, we firstly describe the Bell measurement protocol and then we perform an analysis of the entanglement of two remote systems. Finally, our conclusions are given in Sec. IV
II. FORMULATION AND THEORETICAL DESCRIPTION OF THE SYSTEM AT EACH NODE
We study a cigar-shaped gas of N ultracold bosonic twolevel atoms with transition frequency ω a and mass m in a Fabry-Perot cavity with a movable end mirror with the frequency of ω m as sketch in Fig. 1 . The optical cavity with length L, is driving at rate E, and the wave number K = ω l /c, where ω l is the frequency of laser pump and c is the speed of light. By assuming that the laser pump ω l is far detuned from the atomic transition frequency ω a , and ignoring spontaneous emission, we can adiabatically eliminated the excited electronic state of the atoms. So the many-body Hamiltonian of system in the frame rotating at pump frequency is given by [17] FIG. 1: (Color online) Trapped BEC atoms inside an optomechanical cavity.
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wherep andq are the canonical position and momentum of the moving mirror, ∆ c = ω c − ω l is the detuning between laser pump (ω l ), and cavity field (ω c ) frequences. a is the destruction operator for the cavity photons, and g = (ω c /L) /M ω m is the strength of coupling constant of radiation pressure with mechanical mode, where M is effective mass of the moving mirror.Ĥ aa andĤ 0 are the interaction Hamiltonian of two atoms, and the single-particle Hamiltonian of an atom inside the periodic lattice generated by standing optical modes respectivelŷ
The parameters U 0 = g 2 0 /∆ a and g 0 are the optical lattice barrier height per photon and the vacuum Rabi frequency respectively. U s = 4π 2 as M , where a s is the two-body s-wave scattering length [18, 19] . In the weakly interacting regime, under the Bogoliubov approximation the atomic field operator can be expanded as [20] 
A. Dynamics
The quantum stochastic Langevin equations (QLEs) for the moving mirror, BEC and the cavity field variables are obtained by adopting the dissipation-fluctuation theorem [22] 
where γ m is the moving mirror damping rate, γ c is the dissipation of the collective density excitations of the BEC inside of optical lattice, andâ in (t) is the cavity field input noise which obeys the white-noise correlation functions [22] 
1 at optical frequency. However, ξ(t) is the Brownian noise acting on the moving mirror, with correlation function [23, 24] 
where k B is the Boltzmann constant, and T the temperature of the reservoir. In a very high mechanical quality factor regime ( Q = ω m /γ m → ∞), the mechanical noise of mirror is characterized by white thermal noise [25] ξ (t)ξ(t ) +ξ(t )ξ(t)
. Q in andP in are the thermal noise inputs for the Bogoliubov mode of BEC which satisfy the Markovian correlation functions [26, 27] 
−1 is the number of thermal excitations for the Bogoliubov mode which oscillates with frequency ω B = Ω c (Ω c + ω sw ), and T c is the effective tempereature of BEC. Quadrature operators of system can be represent as the
T , where the quadratures of the optical cavity are defined asX = (â +â
Since the cavity is pumped by an intense laser then we linearized the QLEs given in Eq.(5) around the mean values, i.e,. u j = u j,s + δu j (t), where u j,s are the semiclassical mean values and δu j (t) are fluctuation operators with zero-mean value. The steady state are obtained
where ∆ = δ c − gq s + GQ s is the effective detuning and α = α * is the mean value of the optical filed mode. The dynamics of the fluctuation operators , δu(t) = [δq, δp, δQ, δP , δX, δŶ ] T , are given by the linearized QLEs which one can write as
where
is the drift matrix and n(t)
T defines the vector of the noises. We note that the current system can reach a steady state after a transient time when all the eigenvalues of the drift matrix A have negative real value according to the Routh-Hurwitz criterion [28] .
B. Optomechanical entanglement of output modes
As we mentioned in Sec. II, the basic ingredient for creating a quantum link between the two distant system is that the state at each remote node must possess a nonzero entanglement between the two remote mode and a travelling optical mode. i.e by using the travelling output modes, any quantum communications can be implemented rather than intracavity ones. So it is important to study how the entanglement generated within the cavity between the BEC modes and light or mirror and light are transferred to the output field. Due to the linearized dynamics of the fluctuations and since all noises are Gaussian the steady state is a zero-mean Gaussian state which is fully characterized by the stationary correlation matrix V. For analysis of entangling of the vibrating mirror and BEC modes with detectable output field of an optical cavity, we use an expression for output optical fields. The output mode of the optical cavity is given by the standard input-output relationâ out = √ 2κâ −â in . One can also define the selected output mode by means of the causal filter function a filt = t t0
F (t − s)â out (s)ds, where the causal filter function F (t) = 2/τ exp[−(1/τ + iΩ)t]Θ(t) is characterized by central frequency Ω, bandwidth 1/τ , and the Heaviside step function Θ(t) [29] [30] [31] . In the frequency domain, the stationary CM for the quantum fluctuations of the mirror, BEC, and the output mode of the optical cavity variables,
T , takes the form
for each node, whereM(ω) = (iωI + A) −1 , P = Diag[0, 0, 0, 0, 
where R = √ 2κRe[F (t)] and I = √ 2κIm[F (t)] are determined by the causal filter functions F (t) with bandwidth 1/τ and central frequency Ω. The bipartite entanglement between the different parts of subsystems is characterized by the logarithmic negativity
is the least symplectic eigenvalue of the partially-transposed V of the V, associated with the selected bipartition, obtained by neglecting the rows and columns of the uninteresting mode,
and σ = detM + detM − 2detN . Firstly, we investigate the quantum state transfer from BEC and mechanical modes to output field in one cavity. Here beside the generated Stokes and anti-Stokes motional sidebands by means of mechanical resonator, the motion of collective modes of BEC can generate Stokes and antiStokes sidebands, consequently modifying the cavity output spectrum. Therefore it may be nontrivial to specify which is the optimal frequency bandwidth of the output cavity field that carries most of entanglement generated within the cavity. The output cavity field spectrum associated with the photon number fluctuations S(ω) = δa out (ω) † δa out (ω) is shown in Fig.2a , where we have considered a parameter regime with the laser pump power 50mW, the cavity has a length L = 1 mm, a wavelength of λ = 1080 nm with finesse F = 3×10
4 , and the damping rate πc/LF, cavity detuning ∆ = −ω m . The end mirror of the cavity with mass m = 50ng oscillates with the frequency ω m = 2π ×10
7 Hz at the temperature T m = 0.04K. The recoil frequency of BEC is ω R /2π = 3.57 × 10 3 with dissipation of collective density excitations γ c = 0.001κ, and temperature T c = 1µK. Fig.  2a shows the power spectrum of output field against the normalized frequency has four peaks which are resonance with moving mirror and BEC Bogoliubov modes. In Fig.  2b we plot the spectrum of the output field for two different values of atomic collision ω sw = 0, and ω sw = 0.5. Fig. 2b shows the atomic interaction makes shift in the cavity resonance frequency and consequently reduces the cavity field intensity, and hence the decrease of the cavity output optical field would be a direct measure of the atom-atom interaction of the BEC. In order to study the BEC and vibrating mirror and BEC Bogoliubov entanglement with output optical field, we consider logarithmic negativity E N given by Eq. (13) for V . In Fig. 3 the BEC and mirror entanglement with output optical field is plotted versus Ω/ω m . When the bandwidth is not too large (ε = ω m τ = 10), the mechanical and BEC modes are significantly entangled with only Ω = −ω m and Ω = −ω B −0.6ω m respectively. Also by comparing with previous works, the entanglement of the output mode is significantly larger than its intracavity counterpart [21, 32] . So this analysis shows that it is possible to evaluate the entanglement properties of multipartite optomechanical system composed of BEC atoms and output modes for quantum communication application involves the manipulation of travelling optical fields. In the next section, we use two of this system for generation entanglement between remote modes. Each system is initially composed of a pair of independent tripartite entangled states, one possesses by Alice and another by Bob. Now, Alice and Bob who have located at remote sites can utilize this system to prepare tripartite state, and each of them shares their optical mode to Charlie. The output optical field will be manipulated by Charlie to creating swapping entanglement between two remote subsystems.
III. ENTANGLING TWO REMOTE NON-INTERACTING SYSTEMS A. Swapping entanglement protocol
In order to generate an entanglement state of two initially uncorrelated distant systems, we employ entangle- ment swapping [33] , and apply it to the case when the two remote sites possess each a CV optomechanical system composed of BEC atoms(see Fig. 1 ). In a such hybrid optomechanical system, an ensemble of ultracold atoms inside an optomechanical cavity can couple to the cavity field, where the excitation of the BECs plays the role of the mechanical mode of the mirror in an optomechanical system. Like standard optomechanical systems, the coherent motion of ultracold atoms causes a nonlinearity, and the atomic collisions change the resonance frequency of the cavity [16] . In our systems, atomic and mechanical coupling with optical field are the basic ingredient for generating entanglement between the two distant systems. The whole system is composed of two seperable and independent tripartite bosonic modes, where each of them possessed by Alice and Bob. Alice and Bob are located at remote sites and prepare a tripartite state, and each shares one modes (optical modes) with Charlie, who is located for simplicity halfway between them. Charlie can then perform a Bell measurement on the two optical modes and consequently entangle the two distant BEC, and mechanical modes of moving mirrors by means of CV entanglement swapping. Here, we consider an ideal Bell measurement protocol applied to the last output optical modes of each cavity with balanced transmissivity T = 1/2, which allows Charlie to entangle the remote modes. We assume Alice and Bob initially possess the same CV tripartite state and each of them shares one travelling output optical mode with Charlie, who is located for simplicity halfway between them. The covariance matrix of the tripartite bosonic modes at each site is fully characterized in Eq. (11) . The 12 × 12 covariance matrix of the whole system, composed of two independent tripartite bosonic modes, can be written in the blockform
where the 8 × 8 matrix A is the reduced CM of the BECs, and mechanical modes, and
is a rectangular (8 × 4) real matrix, describing the correlations between the first two remote modes and the output optical modes, and
is the reduced CM of the output optical modes received by Charlie (labelled by 1 and 2). For more simplification, we write down the reduced covariance matrix B (2) of output optical modes by setting
Now, the output optical modes to Charlie are passed to a beam spliter of transmissivity T . Then, Charlie applies a Bell-like measurement on the received optical modes by appliying homodyne detections on them as depicted in Fig.  4 . The state of remaining remote quadrature fluctuations of BECs and mechanical modes of two remote systems would be a Gaussian state with CM of the form
T γ 1 ,
and
A , B describe the remaining BECs and mechanical modes after Bell-like detection, and C referred to the cross-correlation elements. In order to study the bipartite entanglement between each two remote modes, we consider logarithmic negativity eq. (13), where η − is the least partially-transposed symplectic eigenvalue of V, and σ = detA + B + 2C. 
B. Entanglement of the BECs and mechanical resonators by swapping
Here we now utilize the results obtained in the section III A to show that how we can entangled of two distant remote modes in two independent cavity which are physically separated by implementation of Bell measurement. The scheme is shown in Fig 4. The parameters of system must be chosen in such a way that the tripartite system formed by BECs (b A , b B ), mechanical modes (m A , m B ) and optical fileds (f A , f B ) satisfy the Routh-Hurwitzr stability criterion [28] . Therefore, we have to determine an experimentally achievable parameter set in which such conditions are satisfied so that the proposed generalized swapping protocol can be successfully implemented. The entanglement between BEC and output field and also mechanical resonator and output optical field employed for the Bell measurement. By appropriately choosing the detuning and filtering the appropriate output modes, we can satisfy stationary condition and generate entanglement between non-interacting systems. We generalized the model to the symmetric case of initially identical state at Alice and Bob. One can modifies the coupling constant of each subsystem and changes the model to the same or different subsystems. Firstly, we sketched Fig. 5 for finding the optimal filtering bandwidth. Fig. 5 shows the logarithmic negativity E N between different bipartite modes as a function of the normalized filtering bandwidth ε = ω m τ , obtained after the Bell measurement. It can be seen from the figure that logarithmic negativity achieves its maximum value at the optimal value ε 10 for (b A , b B ), (m A , m B ), and (f A , f B ), but It was not seen any entanglement between the subsystems -(m A , b A ), (m B , b B ) -at each node. This means that, in practice, by appropriately filtering the output field one realize an effective entanglement generation because of Bell measurement at different nodes. A more interesting situation is depicted in Fig. 6 which shows how entanglement between the remote systems depends on the frequency of detected output modes. In Fig. 6a the entan- , m B ) to decrease. Hence the decrease of the cavity output intensity causes the weaker entanglement between BECs after the Bell measurement, and also between two moving mirrors. But against the Fig.7 (a) and (c), in Fig.7(b) the atom-atom interaction dose not change the cavity resonance frequency. 
IV. CONCLUSIONS
In this paper firstly we have investigated the entanglement between the different bipartite systems formed by BEC, mechanical, and output optical modes, which is important from a practical point of view because any quantum-communication application involves the manipulation of travelling optical fields. It has been shown that the Stokes output mode is strongly entangled with the BEC, and mechanical modes, and also there is no entanglement between the mechanical and BEC modes. Secondly we have shown that entanglement swapping protocol can be implemented using two distant hybrid optomechanical system. We have considered two remote optomechanical cavity com-posed of one dimensional ultracold atoms inside the cavity and performed Bell measurement for entangling two same or different remote systems. It was shown that Bell measurement entangled all of the subsystems except the BEC and mechanical mode in the position of each node. Also, we investigated the effect of atomic collision on the entanglement of different remote modes. It has been shown that an increase in the s-wave scattering frequency caused the entanglement of the remote systems to decrease. Besides, an increase in the s-wave scattering frequency caused shift the resonance frequency of cavity in the cases of (b A , b B ),  and (b A , m B ) .
